Laplace Transforms

Analysis of network can be done using the time domain, frequency domain and the complex
frequency domain (s domain). Laplace transforms converts functions in the time domain to s
domain using complex variable s = ¢ + jw.

Laplace transformation of a function f (t) is defined as

F(s) = Lf(t) = f f(t) e stét
0

The time function is denoted by lowercase letter and the Laplace transform by capital letter.
Laplace transform exist for f(t) only when t>0

Inverse Laplace transforms permits going back in the reverse direction i.e. from s domain to
time domain.
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Basic Functions
A Unit step function

The most common driving function in electrical engineering is the unit step function denoted
as
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The Laplace transform is
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C Parabolic function
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From C and B it shows that these function can be generated using

Lf(t)=Lt" = i
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D Exponential function
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From Di and Dii when f(t)=t"e~%¢ then
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E Sinusoidal function
f(t) = sinwt
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F Frequency Shifted Sinusoidal Signal
f(t) = e %sinwt
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Fls) = (s + a)? + w?

G Co-sinusoidal function
f(t) = coswt

As derived in E and F the Laplace transform of coswt is

F =
(s) 52 4+ w?
And for f(t) = e"*coswt
St+a
F =
(s) (s + a)? + w?
H Hyperbolic functions
If £(t) = sinhwt , then F(s) = 5"
If f(t) = coshwt, then F(s) = ﬁ

Hint
ejwt + e—jmt

coswt =
2

ejwt _ e—jwt

. ¢ =
sinw 2]

ewt + e—a)t

hwt =
coshw >

sinhwt =

First Shifting Theorem
States that if Laplace transform of f(t) is F(s) then
Le® - f(t)=F(s—a)
Second Shifting Theorem (Time shifting Theorem)
States that if Laplace transform of f(t) is F(s) then Laplace transform of f(t — a) is

Lf(t—a) =e % -F(s)
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Laplace transform of a derivative

Given a function f(t) it‘s Laplace transform is
Lf(t) =F(s) = f f(t).est6t
0
Integrating by parts
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Multiply both sides by s
sF(s) = f(0%) + LfI(t)
LfI(t) = sF(s) = f(07)
£(07) is the initial value of the function at t=0 which is a constant value.
Laplace transform of an integral

Let the function be [ £ (¢)&t, the Laplace transform is

Lff(t)& = fooff(t)at e Stst
0

Integrating by parts
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[ f(&)8ty+ gives the value of the integral at t=0



Initial Value Theorem

The Laplace transform of a differential is
)
LA = 5P~ fON) = [ 570 e ot
0
If s tends to infinity then
. 6 :
lim Lf!(t) = lim —f(t) - e~5t6t = lim sF(s) = f(0*) =0
S—00 s—o Ot S$—00
lim sF(s) = f(0%)
S—00

Where f(0%) is a constant

This expression permits the evaluation of the initial value of the time domain solution
of f(t), using the transform version.

Final Value Theorem

Using the Laplace transform of a differential

(0]

) o)
Lo f() = jo S F(6) €7t 6t = SF(s) — £(0%)

If s tends to zero then
s o (®8 . .
Lof() = lim fo = F(6) 6t = lim SF(s) ~ £(0%)
B
ﬁgf(t) =[f®lg = Eglg sF(s) — f(0%)

o
L f(©) = f(e) = f(0%) = lim sF(s) — f(01)
f(20) = lim sF(s)

This is useful where the transform solution of the problem is available and the needed
information is about the final or steady state solution.

Time Displacement Theorem

This theorem states that if a function f(t) is Laplace transformable and



f(t)

Lf(t) = F(s)
Then
Lft—T)=eT-F(s)
Example 1.1

Obtain the Laplace transform of f(t) = 1 — e~ from first principle, a being a constant.

Solution
F(s) = f (1—e ). e St6t
0
F(S) PA f e~ St _ e_(5+a)t6t
0
=St g-(sta) *®
F(s) = I— l
s s+a
0
1 1 a
F = — — =
(s) s s+a s(s+a)
Example 1.2
If a function is given by
(s + a)sinb Bcos6
F(s)=Q

(s+a)?+p? (s+a)>+p2
Show that the initial value of this function in time domain is equal to f(0%) = Qsinf
Solution

Using initial value theorem
f(0%) = lim sF(s)
S—00
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__|Bcost + (s + a)sinb
Flo)=0 (s +a)? +p?
__|sBcos8 + s(s + a)sinb
Divide numerator and denominator by s?
’B—C(S)SH + (1 + %) sinf
sF(s) =Q
(s+a)?

ﬁZ
52 +s_2

0+ (14 0)sind
1+0

ims#6)- ]
;Lrglo sF(s) = Qsinf
f(0*) = Qsinb
Example 1.3
Find the initial value of
() = e79(sin36 + cos56)
Solution

f(t) = e %sin360 + e%cos50)

F(s) = 3 4 s+1
YT G+ D243 5+1)2+52
F(s) = 3 + s+1
VT G+D2+9  (s+1)2+25
3s s?+s
sF(s) =

(s+1)2+9+(s+1)2+25
Divide numerator and denominator by s?

3 1
S

145
lim sF(s) = +
S—0 2 1 9 2. 1 25

limsF(s) =1
S—00

f0H=1
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Example 1.4

tClose=0
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In the RC network shown the capacitor has an initial charge g, = 2500uC. Att = 0, the
switch is closwd and a constant voltage source V = 100V is applied to the circuit. Use

Laplace transforms method to find the current.

Solution
1
Ri(t) + Ef i(t) 6t=V

RI(s) +%[@+%f i(t)6t0+] =g

RI(s)+I§—i)+%QO=;
(et
I(s)<s+RlC)R+@—K
£-%

S SC S

s\ ST Re
V' Qo\s 1

=53z L
Cc

I()—(V VO) 1
VT R R s+i
Rc

1 1 2000V, = Qo 2500x107°
a 0T ¢ T 50%x10-6

Rc  10x50x10-6

=50V
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1) = 5 (s53508) ~ 2 (52000)
)= R\5+2000) " R \s + 2000
I()_lOO( 1 )50( 1 )
5/ =70 \s + 2000/ ~ 10 \s + 2000

I(s) = (s +120000) - (s T ;000>

Transform back to time domain

l(t) — 10e—ZOOOt _ Se—ZOOOtA

Example 1.5

A shifted unit step function is expressed as f(t) = u(t — a). Obtain it’s Laplace transform.
Solution

A unit step function is defined as

0, t<0
”(t)={1 t>0

)

u(t)

But when it is time shifted or delayed by a

0, t<a
u(t—a)={1 t>a
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